Free and forced transverse vibration characteristics of a thin spinning disc attached to a rigid core have been investigated by finite element analysis using ANSYS software. The effect of discrete point masses and patches of distributed masses attached at the periphery of the plate on free and forced vibration behavior of a spinning disc has been investigated. Discrete point masses and distributed patch masses have been placed at higher strain regions to look into its influence on the natural frequencies, mode shapes and response of the plate to external excitation. Results for eight and sixteen point masses and patches on the vibration characteristics have been compared. It has been observed that discrete patches and point masses have significant influence on the modal frequencies and these can also act as dynamic vibration absorbers in reducing vibration of a spinning disc. It has also been shown that discrete patches of piezoelectric patches can also be used to actively control vibration of the spinning disc.
Introduction
Spinning discs are important components in various mechanical applications such as circular saws, disk brakes, hard disks, optical discs and gas turbines. Vibration control of spinning discs has been studied by a number of researchers. Lamb and Southwell (1922) and Southwell (1922) have reported a study on the free vibration of flexible disks. Eversman and Dodson (1969) studied the free vibration of a centrally clamped spinning disk. Barasch and Chen (1972) investigated on the natural frequencies of rotating disk using modified Adam's method. Iwan and Moeller (1976) explored the vibration behavior and stability of spinning disks subject to stationary transverse loads. They employed eigenfunction expansion method to calculate the natural frequencies. Chen and Bogy (1992) examined the natural frequencies of rotating discs with stationary load system. They presented a theoretical study of a general gyroscope system and applied it to a spinning disc. Ramaiah (1981) studied the natural frequencies of spinning annular plate for eight different boundary conditions using Rayleigh-Ritz method. Lakshminarayana (1986) analyzed the rotating laminated composite annular disc using finite element method. Sinha (1998a Sinha ( , 1998b investigated the free vibration problem of a spinning annular disc with uniformly distributed masses or a ring attached to its outer edge by using Rayleigh -Ritz technique. Huang and Yu (1990) examined the vibration behavior of a rotating annular plate with elastic or rigid restraints at discrete locations. They used energy principle and Galerkin method to obtain an approximate solution. Shahbab (1993) analyzed the transverse vibrations of a spinning flexible variable thickness disc. He employed both Ritz method and finite element technique and also carried out experimental investigation. Lee and Ng (1995) determined the natural frequencies and critical speeds of a spinning annular plate of varying thickness based on Lagrangian approach and assumed mode method. Liang et al. (2002) studied the free and forced vibration of a rotating polar orthotropic annual plate with a stationary concentrated transverse load. They used Galerkin approximation to evaluate the eigenvalues of the system and stressed that discs with higher modulus ratios or poison's ratios have higher natural frequencies. Jen-San Chan (2003) proposed an active control scheme based on the transfer function model to suppress the vibration of a spinning disc. Ferretti et al. (2002) presented a methodology, based on dynamic modeling and experimental measurements to study the vibrations in hard disc drives. Curadelli et al. (2004) dealt with the vibration control of a plate excited by rotary machines by placing masses on the plate system and compared its performance with the conventional vibration isolation using springs. Wang (2005) determined the natural frequencies of a circular plate with an attached core for different boundary conditions. Koo (2006) calculated the natural frequency and critical speed for rotating composite disks by the Rayleigh-Ritz method. He showed that the circumferentially-reinforced disk is more effective in increasing critical speed than the radially-reinforced disk. Bauer and Eidel (2007) determined the lower approximate natural frequencies of a spinning circular plate for various boundary conditions. They determined the approximate lower natural frequencies as functions of the speed of spin. Duan et al. (2008) has proposed that fundamental vibration modes of circular plates with free edges can be modified by increasing the bending rigidity of the outer rim of the circular plate by using a larger thickness or by using a material with a larger Young's modulus or both. Bashmal et al. (2009) studied the in-plane modal characteristics of circular annular disks under combinations of all possible classical boundary conditions. The in-plane free vibration of an elastic and isotropic disk is studied on the basis of the twodimensional linear plane stress theory of elasticity. The boundary characteristic orthogonal polynomials are employed in the Rayleigh-Ritz method to obtain the natural frequencies and associated mode shapes. In the present work, free and forced transverse vibration behavior of a spinning disc with a rigid core having discrete patches and discrete masses attached at its periphery have been analyzed using finite element method. The actuation effect of piezoelectric patches on the transverse vibration of rotating disc has also been looked into.
Theory and formulation
The equation of the motion for the free transverse vibration of a rotating thin circular plate in space fixed coordinates is given by Wang (2005) : ) and are stresses due to centrifugal effect and are given by The fourth order partial differential equation given by (i) has historically been difficult to solve exactly. Finite Element Method has been used as an efficient tool for modeling the vibration response of the plate, wherein a system of equations is constructed which is solved as an eigenvalue/eigenvector problem. ANSYS has been used to determine the mode shapes also called eigenvector and the natural frequencies of the plate system. The mode extraction method employed is Block Lanczos [ANSYS ] . A block shifted Lanczos algorithm as found in Grimes et al. (1994) is the theoretical basis of the eigenvalue solver. The method employs an automated shift strategy to extract the number of eigen value requested. The Block Lanczos method is the variation of the classical Lanczos algorithm where the Lanczos recursions are performed using a block of vectors as opposed to a single vector as explained by Rajakumar and Rogers (1991) . The Lagrange Multiplier approach is implemented to treat constraint equations in the Block Lanczos eigenvalue solver as discussed by Cook (1981) . A circular plate of radius 0.1m having a thickness 0.002 m and with core radius of 0.01m and core thickness of 0.008 m is used for the free vibration analysis. The four node shell element (shell 63 in Ansys 5.4) having six degrees of freedom at each node, three for translational displacements in x, y, z directions and three for rotational displacements about x, y, z directions, has been used to model the plate. The plate is divided into 1404 elements as shown in Figure 1 and is rigidly clamped at the core.
Location of piezo-electric patches and discrete masses are important consideration in structural vibration control. Crawley and Javier (1987) suggested the location of high strain regions for placement of actuators for vibration control. However, the dynamic response of the structure is due to contribution of several modes. High strain energy locations may be different for different modes. This particularly becomes important for rotating structures which generate centrifugal stresses. Consequently higher strain regions change. The locations of the patches are shown in the Figure 1 . The physical properties of the plate and the patch are given in the Table 1 . The discrete patches are considered bonded perfectly to the plate. The dimension of each patch is shown in Figure 2 . The sector patches are inserted into 0.001m depth groove of the plate. At the first instance the effect of rotation on the natural frequencies of the plate with and without piezo-ceramic patches is investigated for different modes. Then the influence of point masses on the free transverse vibration of rotating disk is examined. The weights of discrete patches and masses placed are equal i.e. 1.9399E-3. Finally the case of forced vibration response and vibration control of the rotating plate with distributed patches is considered when some of the patches are activated. In the case of forced vibration response the forcing function is a harmonic excitation of 1.0 N in the transverse direction at the location (0.07 m, 45 0 ). The transverse deflection of the plate is measured at (0.1 m, 45 0 ). Since the piezo-electric patches generate distributed load over the area, the total force is the resultant force on the area at its centre of gravity. In order to determine forced vibration response the magnitude of the force has been chosen arbitrarily so that a measurable transverse deflection is obtained.
Results and discussion
Results are now presented below for various cases which have been considered through figures and tables.
Natural frequencies and mode shapes with patches
Modal frequencies and mode shapes of the spinning plate rigidly clamped to a core are given in Table 2 for the first ten modes at different angular speeds up to 1000rad/sec. From Table 2 , it is clear that modal frequencies increase with speed for all the modes. In fact, the rotation generates a centrifugal force field whose net effect is an apparent increase in disc stiffness causing in turn an increase of the natural frequencies with speed. This is a well known fact and has been studied earlier. Further, it is also evident that percentage increase in natural frequencies of plate is higher at higher speed. This gives an indication that disk stiffening is more significant at higher speed. It can also be noted from Table 2 that for a given rotational speed, frequencies of modes 1 and 2 are same. Modal frequencies occur in pairs with same value e.g. frequencies for modal pairs (4, 5), (6, 7) and (8, 9) also remain same for each pair but their mode shapes change as can be seen in Figure 3 . The diametric lines of symmetry change with the mode i.e. mode 4 and 5 have same frequency but the diametric line of symmetry are different. Vibration control of rotating disc has always been a challenge because of complexity and density of vibration modes. Modal frequencies and their corresponding mode shapes provide a better insight into the location of piezo-ceramic patches for vibration control. To enhance vibration control it is better to place the patches at higher strain/curvature regions. The first ten mode shapes of the stationary plate rigidly clamped to a core are given in Figure 3 . The first or the fundamental mode shape and the second mode of the stationary plate shown in Figures 3(a) and (b) are characterized by a nodal diameter through which the relative phase of displacement changes by about 180 0 . These two mode shapes have two maximum curvature regions each where the patches are to be located. The third mode shape in Figure 3 (c) has nodal point (no strain) at the center, which is rigidly fixed. The maximum deflection point is on the periphery of the disk where the patches may be located. The fourth and fifth mode shapes in Figure 3 have four points of maximum curvature with 90 0 phase displacement. At these four points patches may be located. In the case of sixth mode in Figure 3 (f) and seventh mode in Figure 3 (g), there are three nodal diameters with six points of maximum curvature where the patches may be located.
Again the 8 th and 9 th mode shapes in Figure 3 (h) and 3(i) have four nodal diameters with eight points of maximum curvature on the circumference of the disk. The tenth mode shape is characterized by nodal ring in Figure 3(j) . The maximum curvature region consists of two circular rings along which patches may be placed. It is interesting to note that with increasing speed the points of maximum curvature changes. Table 3 presents the effect of eight patches on the free vibration of the rotating plate. The eight patches are located in positions 1, 3,5,7,9,11,13,15 as shown in Figure 1 . The 1 st , 2 nd and 4 th modes shapes of the plate with eight patches change and that out of eight patches only four patches which lie in the regions of high strains contribute significantly to drop the modal frequency while the contribution of the rest four patches are only partial. Only small drop in the corresponding frequencies are noted in Table 3 . For the third mode, additional patches do contribute to vibration control as they lie in the maximum strain region. However, it is noticed that 5 th modal frequencies drop for all the rotational speeds considered for evaluation in Table 3 . The 5 th mode shape remains similar to Figure 3 (e) and therefore only four out of eight patches lie in the higher strain region and therefore only four patches contribute effectively to lower the modal frequencies. The 6th and 7 th mode are having six antinodes and are having six small regions of higher stain. Some of the patches fall directly in higher curvature region while some of the patches cover partially. So decrease in frequency is noted in Table 3 . In case of 8 th mode shape, all the eight patches fall directly in the region of higher curvature so drop in modal frequencies are significant. For the 9 th mode, all the patches cover the nodal diameters but due to the geometry of the patch and also due to eight small areas of higher strains owing to eight antinodes, the patches cover partially the higher strain areas and therefore drop in frequency for 9 th mode shape is also reported but drop in frequency is not significant as it is for 8 th mode. The tenth mode is characterized by a circular nodal ring. As the patch locations are on higher curvature region of circumference, so fall in frequency is noticed. This indicates that the proposed eight patches may be used to control the vibration of all the ten modes. Another configuration with 16 patches as shown in Figure 1 has been examined. The drop in modal frequencies of all the modes is reported in Table 4 for all the rotational speeds. This is because greater number of patches covers the higher strain region more effectively. This suggests that sixteen-patch configuration can be used to control the vibration of spinning disk. It is interesting to note that for 1000 rad/sec rotational speed, the fundamental mode changes its shape and becomes like umbrella similar to Figure  3 (c) with highest strain region along the circumference in positive direction. It has been shown that the fundamental mode shape of stationary disc attached to a core with piezoelectric patches fixed in the groove at the outer periphery in higher strain regions is altered at a particular rotation speed of 1000 rad/sec due to increase in stiffness owing to rotation of the disk. This has considerable bearing on modification of fundamental vibration modes of spinning circular disks with central core. In certain applications like sensing and actuating devices, it may be necessary to have an axisymmetric mode shape of spinning disk for the fundamental vibration mode (i.e. mode shape with no nodal diameter, z n = 0). Table 5 represents the modal frequencies of the plate with eight point masses placed at the eight points A, B, C, D, E, F, G, H in Figure 1 th and 9 th modes do not fall further due to addition of the point masses. Table 6 presents the modal frequencies of the plate with 16 point masses placed at 16 locations from A to P in Figure 1 . It is clear that all the modal frequencies drop in comparison to Table 5 for all the speeds. This suggests that the 16 point masses may be able to contain the vibration of the plate for all the ten modes.
Natural frequencies and mode shapes with point masses
It is also clear that with 8 patches, all the modal frequencies drop whereas with eight point masses, 4 th and 9 th modal frequencies remain unaffected. However with 16 patches or point loads, all the modal frequencies fall. It is also noticed that with increase in number of patches or point masses, the reduction in the modal frequencies for the higher modes are greater in case of patches than the point masses.
Forced vibration response and vibration control of rotating plate
Forced vibration response and its control through actuation of some of the piezo-electric patches are shown in Figures 4-6 . Figure 4 shows the comparison of transverse vibration response of stationary plate without and with eight discrete point masses and eight distributed patches attached at its periphery. As can be seen that all the response peaks do not show reduction in magnitude e.g. in case of patches fourth peak does not show reduction whereas in case of masses third peak does not reduction. This may be due to arbitrary location of measurement chosen. However, first two resonance peaks are reduced significantly in case of plate with patches than plate with masses. Three patches 9, 11 and 13 of the stationary plate with eight patches are then actuated by -0.1 N while patch 2 is actuated by -0.05 N. The magnitude of actuating forces has been selected so that the controlling forces are within ten percent of the disturbing force which in this case is 1.0 N. The location of the control forces are also selected randomly. However, the locations have been chosen so that actuating forces are in a quadrant opposite to the disturbing force. It is presumed that in general this is likely to give required vibration control. Since the system is linear this approach would be applicable to other locations of disturbing forces also. The corresponding vibration response is shown in Figure 5 . From Figure 5 it is quite evident that amplitudes at resonant peaks 1, 3 and 4 drop due to actuation while the amplitude at 2 nd resonant peak almost remains same. Further, all the four peaks of the plate after actuation in Figure 5 are also lower than the corresponding peaks of the stationary plate without patch / mass in Figure 4 . This implies that actuating these four patches improves the vibration control of the stationary plate having eight patches in the frequency range of 0-800 Hz. Further, consider the case of the plate with eight patches rotating at 500 rad / sec with four patches 2, 9, 11 and 13 actuated by a force -0.1 N. The vibration response of the plate is shown in Figure 6 . It is noticed from Figure 6 that except 2 nd peak the vibration amplitude at all other resonance peaks drop significantly due to actuation. The magnitude of the 2 nd peak in Figure 6 marginally increases after actuation. The effect of actuation is evident and clearly indicates that actuation of patches may be used as a means of vibration control of the rotating plate in the entire frequency range of 0-800 Hz.
Further, the speed of rotation of the plate with eight patches is increased to 800 rad /sec. The patches 2, 9 and 13 are actuated by -0.1 N and patch 11 is actuated by a force of -0.05N. The vibration response is shown in Figure 7 . It is noticed from Figure 7 that all the peaks drop due to actuation. Further the peaks due to actuation in Figure 7 are lower than the corresponding peaks of the plate without patch / mass and rotating at 800 rad / sec in Figure 7 . This further shows the effectiveness and demonstrates that vibration control can be successfully achieved through actuation of some of the patches in a wide range of the frequencies between 0-800 Hz covering several natural frequencies. It is important to note that other combination of actuating forces and patch locations may also be possible for effective control of the vibration of the plate.
Conclusions
Natural frequencies of thin spinning plate attached to a rigid core increase significantly with increase in speed. Further discrete patches of distributed masses and discrete point masses when attached to the plate have significant influence on the mode shapes and modal frequencies of the spinning plate. By locating the patches / point masses at higher deflection points / regions, vibration absorption can be achieved. The proposed eight or sixteen discrete patches configuration or the sixteen point masses configuration can be used for controlling the first ten modes of the spinning disk. The reduction in frequencies of higher modes is more in case of plate with a definite number of patches in comparison to the plate with same number of point masses. However, number of the discrete patches or point masses required and their locations depend on the modal frequencies at which vibration control is desired. It has also been shown that discrete patches of piezoelectric ceramics can also be used to actively control the vibration of the spinning disc. It has also been shown that the fundamental mode shape of the stationary disc attached to a central core having piezoelectric ceramic patches fixed in the groove at the outer periphery in higher strain regions is altered at a high rotation speed of 1000 rad/sec due to increase in stiffness owing to rotation of the disk. This has considerable bearings on modification of fundamental vibration modes of spinning circular discs with a central core. In certain applications like sensing and actuating devices, it may be necessary to have an ax symmetric mode shape of spinning disc for the fundamental vibration mode (i.e. mode shape with no nodal diameter, n = 0).
